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Abstract
The goal of this work is the control of a series of carts, dragged by the first one (the only actuated cart)
along parallel tracks. A very simple control law is proposed to let all the carts, which are subject to nonsmooth,
unilateral impacts, move asymptotically at an assigned, common velocity. The properties of the controlled system
are analytically proven and confirmed by simulation results.
© 2005 Elsevier Ltd. All rights reserved.
Keywords: Nonsmooth impact; Unilateral constraints; Feedback control
1. Introduction and system description
Many advanced control applications require the complete interaction control of impacting mechanical
systems, including also the transition phase from the free motion condition to permanent contact
situations. The most recent literature offers various results concerning impact modelling (see e.g. [1–3],
and [4], in which the basic distinction between smooth and nonsmooth impacts has been presented, with
reference to the possible violation or non-violation of the motion constraints arising during impact and
contact), and control [1,2,4–9]. Only regulation control problems are generally considered, as in [4]
and [6–8], whereas more complicated tasks are taken into account only for particular applications, as
in [2] and [9]. The case of nonsmooth impacts, in the presence of unilateral constraints, is considered in
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Fig. 1. Sketch of the system considered.
this work in the case of a series of carts, dragged along parallel tracks by the first one, which is the only
actuated cart. The goal of the work is to prove that a very simple control law can be used to let all the
carts move asymptotically at an assigned, common velocity; i.e., a simple reference trajectory problem
can be solved by a PD control algorithm for the system considered. The properties of convergence of the
controlled continuous time system to the desired trajectory will be determined by analyzing the stability
properties of a discrete time system, having the cart velocities after each impact as state variables.
The series of n carts considered, free to move in the q-axis direction along parallel tracks, is sketched
in Fig. 1; mi and ai , with i = 1, . . . , n, are the mass and the viscous friction coefficient of the i th cart,
respectively. Only the first cart is actuated, by the force u(t) applied along the motion direction, whereas
each of the other carts can be dragged by the previous one, when their hooks (supposed to be infinitely
rigid) come into contact. Let qi(t), i = 1, . . . , n, be the position coordinate of the i th cart with respect to
the origin of the q-axis indicated in Fig. 1, and vi (t) = q˙i (t) its velocity. The possible contacts between
adjacent carts impose some constraints on the coordinates qi ; in particular, vector q := [q1 · · · qn] ∈ Rn
must belong to the following admissible region:
A := {q ∈ Rn : qi ≤ qi+1 + ri , i = 1, . . . , n − 1}, (1)
where ri is the distance between carts i and i + 1 when their hooks are in contact. The manifolds of
R
n defined by qi = qi+1 + ri represent the contact condition, for carts i and i + 1. Since the hooks
are supposed to be infinitely rigid, the inequality constraints defining A can never be violated, i.e.,
nonsmooth impacts [4] occur between the adjacent carts i and i + 1, at the time instants (impact times)
at which the contact condition becomes satisfied.
Let the contact forces, established between the adjacent carts i and i + 1, be denoted by fi (t),
i = 1, . . . , n − 1.
The dynamic equations of the carts can be easily written in the following form:
m1q¨1(t) = u(t) − f1(t) − a1q˙1(t), (2)
mi q¨i(t) = fi−1(t) − fi (t) − ai q˙i(t), i = 2, . . . , n − 1, (3)
mnq¨i (t) = fn−1(t) − anq˙n(t). (4)
2. Control problem and proposed solution
The goal is the determination of a control law u(t) that lets all the carts move asymptotically along the
q-axis at an assigned, common velocity vr > 0. It must be stressed that this is not a regulation problem,
since the aim is not the convergence of the system to an equilibrium point, but it can be viewed as the
simplest tracking problem for the system considered. Only the position and the velocity of the first cart
are supposed to be available for control, so the expression for u(t) cannot depend on the behavior of the
non-actuated carts. The problem will be solved under the following assumptions:
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Assumption 1. A subset Aˆ of A, having non-zero measure, exists such that, if the initial conditions of
the carts belong to such a subset Aˆ, the absence of multiple impacts between couples of adjacent carts is
guaranteed for the function considered, u(t).
Assumption 2. There is no finite accumulation point of the impact times.
Remark 1. Assumption 1 does not hold if multiple impacts occur: in such a case, there is a
velocity indetermination problem from the modelling point of view, since the Erdmann–Weierstrass
conditions [4] admit infinite solutions, although in practice the actual velocity of each cart after the
impact coincides with only one of these infinite possible solutions. This indeterminacy could be solved
from the modelling point of view by considering a multiple impact as a sequence of simple impacts: e.g.,
if an impact between carts 1 and 2 is simultaneous with an impact between carts 3 and 4, such a multiple
impact can be represented by assuming that carts 1 and 2 impact an infinitesimal time before carts 3 and
4, or vice versa. Although there are still problems from the modelling point of view, since the resulting
cart velocities immediately after the two sequences of quasi-simultaneous impacts are different, there is
no problem from the control point of view, since the desired convergence of the tracking error to zero
will be achieved independently of the sequence used to represent a multiple impact.
Under Assumptions 1 and 2, the following very simple control law is proposed:
u(t) = −kp(q1(t) − pr(t)) − kv(q˙1(t) − vr ), (5)
where pr(t) = vr t , and kp and kv are positive gains. The possibility of solving the control problem
considered with such a control law is stated by the following theorem:
Theorem 1. Let Assumptions 1 and 2 hold. For all the initial conditions belonging to Aˆ, limt→∞ vi (t) =
vr , i = 1, . . . , n, if u(t) is defined as in (5), with kp = 1/ε2, kv = 2/ε, ε being sufficiently small, and
the masses of the non-actuated carts are such that
mi ≤ mi+1, i = 2, . . . , n − 1. (6)
Proof of Theorem 1. Let {tk, jk } be the time instant sequence of the impacts between carts k and k + 1,
for k = 1, . . . , n − 1. By virtue of Assumption 1, the velocities of the carts involved in each impact have
a discontinuity at the impact time; let v−k (tk, jk ) and v
+
k (tk, jk ) be the velocity of mass mk immediately
before and after the impact occurring at tk, jk , respectively (velocities v−k+1(tk, jk ) and v−k+1(tk, jk ) are
similarly defined for mass mk+1), whereas the velocities of all the other carts are continuous, i.e.,
v−l (tk, jk ) = v+l (tk, jk ), for all l = k and l = k + 1. Under Assumption 1, and under the assumption
that the coefficient of restitution is constant, equal to one [10], it is possible to uniquely determine the
cart velocities after the impact as functions of the velocities before it, from the Erdmann–Weierstrass
corner conditions [4] at each impact time tk, jk , as
v+k (tk, jk ) = ckv−k (tk, jk ) + 2mk+1dkv−k+1(tk, jk ), (7)
v+k+1(tk, jk ) = 2mkdkv−k (tk, jk ) − ckv−k+1(tk, jk ), (8)
with ck := (mk − mk+1)/(mk + mk+1), dk := 1/(mk + mk+1).
Let two subsequent impacts, th and th+1, be considered, without specifying to which particular impact
time sequences, among the 2(n − 1) different possible cases, they belong. The analysis of the behavior
of the cart velocities after subsequent impacts can be carried out by regrouping all the possible situations
into two different main cases: (i) the second impact, occurring at th+1, involves the actuated cart; and
544 M. Indri, A. Tornambè / Applied Mathematics Letters 19 (2006) 541–546
(ii) the second impact, occurring at th+1, involves two non-actuated carts. The characteristics of the first
impact at th are not relevant for the subsequent analysis; it is sufficient to note that v−i (th+1) (i.e., the
velocity of the i th cart immediately before the second impact) can be determined as a function of v+i (th)
(i.e., its velocity after the first impact), from the dynamic equations (2)–(4) with fi = 0, i = 1, . . . , n−1
(since the carts are not in contact between two subsequent impacts).
In case (i) the impact at th+1 involves m1 (i.e., the actuated cart) and m2. Due to the action of the
control law u(t) given in (5), and the choice made for kp and kv , the velocity of the first cart rapidly
tends to the desired value vr after each impact (thanks to Assumption 2, for suitably small ε), so it is
reasonable to consider v−1 (th+1)  vr . The velocities of the carts immediately after the impact at th+1
can then be rewritten as functions of their velocities after the previous impact from (7) and (8), as
v+2 (th+1) =
m2 − m1
m1 + m2 e
− a2m2 th v+2 (th) +
2m1
m1 + m2 vr , (9)
v+l (th+1) = v−l (th+1) = e−
al
ml
th
v+l (th), l = 3, . . . , n, (10)
where th := th+1 − th , and the dynamic equations (2)–(4) of the carts have been used to determine
v−2 (th+1) and v
−
l (th+1) as functions of v
+
2 (th) and v
+
l (th), respectively.
Similarly in case (ii), when the impact at th+1 involves two non-actuated carts k and k + 1, the
expressions for the velocities of such carts after the impact at th+1 can be determined as
v+k (th+1) = cke−
ak
mk
th
v+k (th) + 2mk+1dke
− ak+1
mk+1 th v+k+1(th), (11)
v+k+1(th+1) = 2mkdke−
ak
mk
th
v+k (th) − cke
− ak+1mk+1 th v+k+1(th). (12)
The velocities of the non-actuated carts that are not involved in the second impact are given by (10), with
l = 1, l = k, and l = k + 1.
It is then possible to study the behavior of the cart system subject to a sequence of impacts by
analyzing the properties of a unique system:
x(h + 1) = A(h)x(h) + Bvr , (13)
with x(h) := [v+2 (th) . . . v+n (th)]T ∈ Rn−1,
A(h) =
{
A1(h) in case (i)
A2(h) in case (ii) B =
{
B1 in case (i)
B2 in case (ii)
where matrices A1(h), A2(h), B1, and B2 are properly defined from (9)–(12).
The asymptotic convergence of x(h) to a steady-state solution x can be studied by analyzing the
properties of ‖A(h)‖. It can be verified that inequality ‖A(h)‖ < 1 certainly holds if condition (6) is
satisfied; in this case then the solution x(h) of system (13) converges to a steady state x. Hence, while
the velocity of the first cart tends to the desired vr , due to the direct action of the control law (5),
the velocities of the non-actuated carts tend to steady-state values v+i , i = 2, . . . , n. In particular, by
observing that in the steady state the time interval th between two subsequent impacts tends to zero, it
can be demonstrated that v+2 → vr , and v+k = v+k+1, for k = 2, . . . , n, i.e., the velocities of all the carts
tend to the assigned value vr , thus proving Theorem 1.
Remark 2. Condition (6) is only sufficient for the PD control algorithm given in (5) being a solution of
the problem considered (see the simulation results). Such a condition is a consequence of having proven
the theorem by requiring that ‖A(h)‖ is less than one for each h, thus obtaining a simpler proof at the
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Fig. 2. Test 1. Cart velocities.
Fig. 3. Test 2. Cart velocities.
price of a tighter condition. Hybrid system stability techniques could be used in order to obtain less tight
sufficient conditions, or, one hopes, necessary and sufficient conditions.
The effectiveness of the proposed control law has been tested in simulation considering three carts,
having friction coefficients ai = 0.1 N s/m, i = 1, 2, 3, and contact distances ri = 0.1 m, i = 1, 2.
In Test 1 the sequence of carts considered corresponds to: m1 = 10 kg (the actuated cart), m2 = 2 kg,
m3 = 5 kg, i.e., condition (6) of Theorem 1 holds, whereas in Test 2 the second and the third cart are
switched, so that inequality (6) is no longer satisfied. The same gain values (kp = 22 500, kv = 300) are
considered in the two tests to impose vr = 3 m/s, starting from the same initial conditions, with the carts
at rest in a non-contact situation. In Figs. 2 and 3, respectively, the time histories of the cart velocities
in Tests 1 and 2 are reported. As shown, the velocities of all the carts tend asymptotically to the desired
value in both tests (i.e., the control goal is achieved also when condition (6) is not satisfied).
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